We have developed an analytical model for the implosion of a heavy ion beam driven multilayered cylindrical target. The target consists of a thick metallic shell, typically made of lead which is filled with a low density material, for example frozen hydrogen, and it is axially irradiated with a heavy ion beam with an annular focal spot. The model describes the expansion of the absorption region, the implosion of the pusher, the trajectories of the incident and reflected shocks and the final quasi-isentropic compression. The model is expected to be very helpful to optimize detailed simulations of such problems which are of close relevance to the GSI plasma physics experimental program, planned for the future upgraded accelerator facilities.
INTRODUCTION
The Gesellschaft für Schwerionenforschung~GSI!, Darmstadt, is a unique facility worldwide which has a heavy ion synchrotron, SIS18, that delivers intense heavy ion beams. One of the most interesting experiments which will be carried out at the GSI in future is low entropy compression of a multilayered cylindrical target which contains a layer of frozen hydrogen or deuterium. Such an experiment will be done to study the possibility of creating metallized hydrogen or deuterium.
Detailed numerical simulations have shown~Tahir et al., 2001 ! that by using the ion beams that will be generated at the upgraded SIS18 heavy ion synchrotron facility and the new future facility SIS100, it may be possible to achieve the theoretically predicted physical conditions necessary to create an insulator-to-metal transition in hydrogen and deuterium. These simulations have been carried out using a two-dimensional hydrodynamic computer code, BIG-2 Fortov et al., 1996!. Analytic models are a very useful tool to optimize the numerical simulations as well as to analyze the vast amount of the data provided by the simulations. We have developed an analytic model which treats all different stages during the implosion of such a target including expansion of the absorption region, pusher implosion, trajectories of the initial and reflected shock, and the final quasi-isentropic compression.
MODEL EQUATIONS
We consider a target composed of a thick cylindrical shell of lead~r pb ϭ 11.3 g0cm 3 ! with an outer radius R e and it encloses a cylinder of solid hydrogen having a radius R h0 , as shown in Figure 1 . One face~right! of the cylinder is irradiated with a heavy ion beam which has an annular focal spot with an outer radius, R 2 Ͻ R e and an inner radius, R 1 Ͼ R h0 . This arrangement avoids direct heating of the hydrogen region. The target length is considered to be much shorter than the range of the ions so that the ions lose a fraction of their energy in the target and emerge from the opposite face of the cylinder with a reduced energy. This leads to a very uniform energy deposition in the target, which ensures the axial symmetry of the implosion.
Due to the ion energy loss, the pressure in the absorption region becomes very high, which launches a shock wave into the pusher that subsequently is transmitted into hydrogen, thereby compressing the material. This shock moves towards the axis, where it is reflected, and a return shock is generated which moves outward, along the radial direction, leading to further compression. The return~reflected! shock is again reflected at the pusher~payload!. This process of multiple shock reflection goes on while the payload continues to slowly move inward due to expansion of the absorber, thereby compressing the hydrogen nearly isentropically.
The hydrogen achieves higher compression progressively during the different implosion phases. Then, we have fitted the hydrogen equation of state with a constant equivalent enthalpy coefficient in each compression region, resulting in somewhat different values for each phase. In a similar way, the equation of state of the lead in the absorber and in the pusher are fitted with constant enthalpy coefficients~or, what is equivalent, constant Gruneisen coefficients!.
Absorber expansion and payload implosion
Since we are interested in the particular regime in which the payload mass m pl is much smaller than the absorber mass m ã m pl Ͻ Ͻ m a !, we have to deal with a simple rarefaction wave which arises at the payload surface as it moves. This rarefaction drives the payload implosion and travels across the absorber in a time longer than the implosion time such as happens in the classical ballistic problem of Lagrange described by Stanyukovich~1960!. The pressure on the payload surface turns out to be
where p 0 ϭ~g a Ϫ1!r pb e 0~e0 is the specific energy deposited in the absorber!, g a ϭ 1.72 and c 0 are, respectively, the enthalpy coefficient and sound speed in the absorber, andR is the instantaneous velocity of the outer payload face. This pressure launches a shock wave into the payload which, at the time t ϭ t 0 , when it emerges from the payload, creates an amount of entropy that is determined by the entropy function S 0 ϭ p 0 0r 0 g pl~r 0 is the density of the shocked payload material and g pl ϭ 3.77 is the enthalpy coefficient!. At t ϭ t 0 , the payload starts to move and it is assumed that it implodes as an incompressible shell of finite thickness. This leads to
where R h andR h are, respectively, the instantaneous position and velocity of the payload inner face, g h1 is the hydrogen enthalpy coefficient during the phase of compression by the converging shock~launched in the hydrogen at t ϭ t 0 !, and p is given by Eq.~1!.
Incident and reflected shocks
The incident shock arrives at the axis at t ϭ t 1 and during the implosion creates a counterpressure p h given by Eq.~3!. At t ϭ t 1 , the shock is reflected at the axis and propagates outwards until it encounters the imploding payload at t ϭ t 2 . For t Ն t 2 the following shocks are sufficiently weak and one may consider that the implosion progresses near isentropically up to the total stagnation at t ϭ t f . For the description of the imploding shock, we take into account the adiabatic compression of the shocked hydrogen and the cylindrical convergence by following a simple model developed by Piriz et al.~1992 !:
A similar approach is adopted for the reflected shock:
where R sr is the instantaneous position of the reflected shock and g h2 is the enthalpy coefficient of the hydrogen in this phase.
Isentropic compression
When the reflected shock hits the internal face of the payload at t ϭ t 2 , the stagnation phase starts and it is assumed to take place isentropically so that
where p h2 and r h2 are, respectively, the pressure and density at t ϭ t 2 , and g h3 is the corresponding enthalpy coefficient for hydrogen. At total stagnation~t ϭ t f !, the kinetic energy of the payload E k2 is transformed into internal energy of the payload E pl and of the hydrogen E h and so
where DE pl ϭ E plf Ϫ E pl 2 and DE h ϭ E hf Ϫ E h2 while the indexes "2" and "f " denote values at t ϭ t 2 and t ϭ t f , respectively. At these times, the hydrogen internal energies are 428
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The payload kinetic and internal energies at t ϭ t 2 are
where p 2 ϭ p~t 2 ! is the payload pressure at t ϭ t 2 and it is taken as practically uniform, so that it can be calculated from Eq.~1!. For calculating the payload internal energy E plf , at t ϭ t f , we need to know the profiles of pressure and density of the payload. For this, we use the self-similar model developed by Kidder~1976! for the isentropic homogeneous compression which yields
By integrating the previous profiles, we get
RESULTS OF THE MODEL
The differential equations for the motion of the payload and the shocks are solved with suitable initial conditions at t ϭ t 0 and t ϭ t 1 , and they provide the values of pressure, density, and payload velocity at t ϭ t 2 required in Eqs.~8! and~9!. In this way, we can obtain the payload trajectory and trajectories of shocks as well as the mean value of the hydrogen pressure and density at any time. As an example, we show a particular case in Figure 2 where the specific energy deposited by the ions is e 0 ϭ 5 kJ0g and the target parameters are indicated in the figure labels. . These values are in close agreement with the numerical results. The corresponding values adopted for the hydrogen enthalpy coefficients are: g h1 ϭ 3.58, g h2 ϭ 3.25, and g h3 ϭ 3.
CONCLUSIONS
We have developed an analytical model for the implosion of a multilayered cylindrical target driven by a heavy ion beam. The model yields results which are in very good agreement with one-dimensional simulations. We expect that the model will be very useful to optimize and understand the simulations necessary to design the future experiments at the GSI. 
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